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SOME INVESTIGATIONSOF THE GENERAL INSTABILITY

OF STIFFENEDMETAL CYLIN%ERS

II - PRI?IJIMINARYTESTS OF WIRE-BRACEDSPECIMENS

AND THEORETICALSTUDIES

GuggenheimAeronauticalLaboratory
CaliforniaIfi%tituteof Technology

This is the second of a series of reports
coveringan investigationof the general
instabilityproblem-bythe CaliforniaInsti- ‘“
tute of Technology. The first five reports
of this series cover investigationsof the
general instabilityproblem under the load-
ing conditionsof pure bending and tiere .
preparedunder the sponsorshipof the Civil ‘“
AeronauticsAdministration. The succeeding
reports of this series cover the work done
on other loading conditionsunder the spon-
sorship of the NationalAdvisory Cornmiitee

-..

for Aeronautics.
. .-

INTRODUCTION

The first report of this series (reference1) was
primarily concernedwith the preeent state of the theo-
reticaland the experimentalknowledge regardingthe
general instability-failure of stiffenedmetal cylinders.
Three importantconclusionswere arrived at during this

-—

study. They were as follows:‘ L -- ,

(a) That severalmethods%ave been advancedby
differentinvestigatorsfor the calculation
of the critical stressesfor such sti~fetied .4
cylinders -. — ..--.._...-.

(b) That availableexperimentaldata were insuffi-
cient to prove tk.evalidity or usefulness”of
any of,the proposed methods” . _ __.. . <

-.-.-_-r-
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(c) That some of the basic problems concerningthe
failure of thin shellshave not been satis-
factorilytreat’edtheoreticallyas evidenced
by the large discrepanciesbetween the theo-
retic@ly predictedand the experimentally
obtainedfailing stresses

,,
.,.

.’

,.

=#

)1

The recent research,therefore,has been concentrated
along two major lines: first, to obtain sufficientexper-
imentaldata on the failure’of stiffenedcylindersso
that $he proposedmethods of analysiscould be checked;
second,to endeavorto develop

4
more sound theoretical

backgroundfQr the study of the failure of thin shell
structures. The body of this report will, therefore,
consistof three parts: namely,

(a) Preliminaryexperimentalinvestigationson the
failure of.stiffenedmetal cylinders

(b) Theoreticalinvestigationsinto the principles
underlyingthe theory of fail-oreof thin shells

(c) Experimentalinvestigationson the compressive
●

failing stress of unstiffened“circularcylinders
a

PRELIMINARYEXPERIMENTALlIWESTIGATIONSON THE FAILURE

OF STII!’13ENEDMETAL CYLINDERS

Type of Test

Inasmu,chas bending is one of ihe criticalloading
conditionsfor airplane structures~the problem of the
failure of sti.ffene-dmetal cylinderswhen sub$ectedto a
pure bendingmoment,was”attackedfirst. From observations
of the stressant!t-hedeflectionpatternsproducedunder
this simple loading condition,it was hoped a correlation
with the simplebeam equationscould be obtained. Although
no airplane structureis subjectedto bendtng momentswith-
out a .certaiuamountof attendantdirect shears it was felt
that a rather complete study of the pure bendingphenomenon
would form a desirablebackgroundfor the more complicated a
problem of bendingplus shearand for the more general
com%inedloading conditions.

b
In view of the above, all of.the tests on stiffened

cylinderswhich have been conductedto date have been made

,
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. . with pure ben@i’ngas“the Qhly externallyapplied loading.
Stressreadingswe’retaken on repiesen{atiyeparts of the

—.

structured~iringIoa&ing;Huggenbergertype extensomet”ers
with a magnificationfactor of approximately300 being
used for this purpose. In additionto.the observations
of the stress in the structure,the deflectionpatterns
of both frames and .Iongitudi,nalswere taken as a function

—

of the appliedmoment. From the above observatiofisthe
stresspattern and the mode of failurewere determinedfor
each specimentested, as-wellas the maximum bending
momeritthat carriedby the,specimen. .-

———_

TestingEquipmeat .
The testingmachine used is shown schematicallyin

figure 1 and by photographsin figures2 and 3. This
machine is adapted to the applicationof bending moments~
torsionalmor,ents,or any combinationof bending and tor-
sion to sp8,c-imen.sup to 3 feet iu diameterand 20 feet
long. It has a capacityof 5U0,000’inch-poundsin both
bending and torsio~.., .,

For the present tests it was desired to a~ply a uni-
form momeut over the entire specimen;so the bending-moment
arms of’the testingmachine’wer-econnectedby an e-x’tra-
flexibleaircraft cable as show’n.A loamdin6”screti-(fig. 4)
aua load dynamometer(fig. 5) were placed at one end of
the cable. If, at any’time!,it is desired to-find the.ef-”

.-

fect o-fR bending‘rn9m&ntwith a linear ~ariatioh in ma&ni- “- 1
tude over”the S.eng$hof tk.especimen,%Iiecable will be
replacedby a ~separatel“oariingscrew and a dynamometerat
the end ‘o”feach of the ben”ding-mb”mentarms.

The entiremachine is supportedon ball-bearingjoint-s
similar,to the one shown in fzgure 6, “these”joints also —
being“presentat the’ends’of the loading arms as sho-wnin
figure.1. One head of the testing machine“isfree to move
horizontally,thus el.iminatingthepossibilityof any
direct tensil,eor compressiveforces being applied to the
cylinder.

..
..

A rod is”freelysupportedat the center of the t’wo- m
ends of the sp’ecimen,tlh%srod carrying”a dev-icemaking
it possible to obtain the radial and angularposition of
any point on a cross-sectionalpZane through the specimen-
This device can be shiftedlengthwiseand thus it is pos-
sible to obtain a completedeflectionpattern of the
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longitudinal and frames at any given”applied moment.
This deflection-measuringinstrumentcan be seen in sev-
eral of the attachedphotographs.

Spec-imens

In order to eliminateas maay variablesas possible,
t-hespecimenswere made up of frames and longituiiinals
only~ without skin covering. The longitudinal and frames
used for this first series of tests are shown with their
sectionpropertiesin figure 7. The materialused for the
longitudinal was 3/8- by 0.028-inch17’S-T dural tubing
drawn to the shape shown and the frames were cut from 17S-T
dural-sheetstock and rolled to the proper radius. The
longitudinal and frames,werejoined at all intersections
by one 4-40machine screwand nut. The stationnumbers
f-orframes and lbngitudinalsare shown in figure 8.

!Ehesnecimenswere all 32 inches in diameterand 64
inches long, the length beiug meagured from the edge of
the outstandingleg.Of..theend angle. The ends of all
Iongitudina.lswere rigidlyattached to an end angle by
means of U-bolts as shown in figures 9 and 10. This angle,
which was in the form of a ring with an internaldiameter
equal to that of t-hespecimen,wastihensQlidlyIolt-edto
the face plates of the testingm-achine.

Inasmuchas there.wasna sheet coveringand only one
type of frame and longitudinalwas used in this first
series of teet~i the two importantvariablesremaining
were the frame spacingand the longitudinalspacing. Ta-
ble I shows the variationsin these two parametersas
related to the assigned specimennumbers.

It was first thoughtthat it might be possibleto
obtain a true bendingfailurewithout the use of any shear
bracing-in the specimen,Upon tf3stingthe first specimen
it was found that shear bracingwould be necessaryfn
order to prevent a tor~ionalform of failure in which.the
frames tended to rotate about the top or tension longitu-
dinal. Therefore*a networkof Ste-alwire 0.016 inch in
diameterwas used to provi@e shear stiffness. .Aprelimi-
nary discussion‘ofthe effect that-thesewires may have
is given in appendix3. “

.

; “-”# .—

,.

-!

,V

—.
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ExperimentalResults

The.early part of the program was devoted to accumu-
lating data on this first series of specimens. The results
obtainedhave so far been analyzed only in a preliminary
manner in order to study trendswhich would influencethe
c’hoiceof data desired on succeedingspecimens.

Tables.1,II, and 111 give a summaryof the experi-
mental failure bending moments obtaiuedon the specimens
tested to date. Figures 11 to 34, inclusive,are photo-
graphs taken of the specimenswhich show the method of
testingand the failurepattern of the Iongitudinalsand
frames. Figures 35 and 36 give, in.curve form, the rela-
tionshipbetween failure bendingmoment and the frame and
longitudinalspacing,respectively. Figures 37 to 53
inclusive,show a representatitiegroup of frame and longf-”
tudinal deflectionpatterns.”These deflectionpatterns
were taken at or near to the failure bendingmoment,
primarily so that the deflectionswould be large enough
to give an accuratepicture of the fa”~lu~ewaiiQ-Yorm.In
nearly every case ths’wave pattern at failure w&s the same
as that taken earlier in the loading, Figure 54 ttiaicates
the relationshipbetween the maximum radial deflectionof
the center frame (taken on the compressionside) and the
applied bendingmoment.

.
. . At the beginningof the test program it was desired
to know if the vertical stress distributionin the speci-
men was linear- that is, i-fthe stress distributionfol-

lowed the sifilebeam equationof o = ‘~. In order to
I

check th~s factor a large number of extensometerswere
placed op,the longitudinal and stress readingswere taken
as a function of the bendingmoment. The result,sare
plotted in figures 55 and 56 for three longitudinal on
the compressionaud for three longi”tudinalson the tension
side, respectively. ~he stressescalculatedfrom the
simp-lebeam equation-are indicatedand show remarkably
good agreement. Near failure~t wa”sne-cessary,to correct
for the bendingmoment in the longitudinal due to the fact
that they were in the wave form and this was done by taking.

e extensometerreadings on both sides‘ofthe longitudinal “
simultaneously. This type of stress study was not mad& on
all specimepsbut checks were made on represe,htativespec-
imens and the linearityof the vertical stress d~~trj.-Dutionm was found to hold in all cases. In all specimensexcept
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1, 9, 10, and 11, sufficientwire shear bracingwas used
to prevent any torsionaldeflectionof the center of the -

, ._

specimen. In other words, the lower (compression)
.

lon~itudinaldeflected only in a verticalplane. The ●?
ipecinen$noted previouslyare discussedseparatelyin
appendix~.

Check of ExperimentalResult-swith.CurrentTheories

The various methods of analysiswhich were discussed
in detail in the first report of this series (reference1)
are, with one exception,all based on the assumptionthat
the effect of the Iongitudinalsa~d frames on the strength

—

of the specimeni~ relati.vel~small.comparedt-othe effect
—

of the skin. Therefore,when the ski~”thicknessgoes to
zeroY as it does in this first set of specimens~the sug-
gested methods of an-alysisbreak down for one reason or
another.

The methods of Ryder, Dschou, and Hoff might be used
for the analysisof the present specimens. However,the
parametersof the present specimenslie completelyout of ?

the range--ofRyder~s curves,and as no method vf calculat-
ing these curves is given in Ryderlspaper”,it was impos-
sible to make a check of his meth.od”with the experifiental .
results.

A check using DschoulE methad of analysisgives theo-
reticallypredictedfailingmoments which are very much
too high if the torsionalrigidityof the longitudinal
is taken into account,and which are much too low if this
factor is negleoted. For this reason no calculations
using this method have been included.

In contrastto the”otherproposedmethods,thatof
Hoffls deals essentiallywith a structuresimilarto that
of the tested specimens. For this reason, it might be
e~ectqd’that the faiiimg stressespredictedby Hoff might
show some agreementwith those obtained“experimentally.
As can be seeriin table II, this is not the case, for
Hoffls method gives failing stresseswhich are much to,o
low when the cor”rectwave pattern of on”ehalf-waveis used.

—

A change + the a,ssumedwave pattern to two half-waves R
raises Hofflspredfctedfail,ifigstr”esses?but not suffi-
ciently in most cases to give agreement. It is also inter-
esting to note that the failing stress“predictedby Hoff
increasesslightlyas the frame“spacingis’increased;

m

whereas the experimentaldata show that a decrease occurs.

,



. NACA.TechnicalNote No. 906
.

. .

7

Conclusionsfrom Experimental,Results
.

f.

.

As most of the time in the early part of this program
was spent in testing,the experimentalresultshave not
aa yet been analyzed in any great detail. It can be said, “
however, that failures of the general instabilitytype
have been obtainedin this first series of specimens-d
that the dependenceof the failing bendingmoment on the
frame and longitudinal.spacinghas been obtained. It is
expectedthat a study of “thedeflectionpatterns and the
variables involvedwill lead to a method of analysisof
this type of structurewhich will enable a designerto
predict the allowablebending moment to a satisfactory
degree of accuracy.

b

.

An interestingresult of thfsfirst”set of experiments
was the discoverythat specimensof the type tested do not
fail suddenlybut tend to approacha maximum allowable
bendingmoment in an asymptoticwanner. This is clearly
indicatedby the curves of bending monent against radial
deflectionof the frames which are plotted in figure 54.
Preliminaryinvestigationseerns’toind3.cate&hatLitmightbe
possible to use Sonthwelltsmethod of predictingthe crit-
ical instabilityload of columns on curves of this type and
obtain the maximum allowablebendingmoment on the struc-
ture without actuallyfailing the specimen. If this method
proves to be applicable,deflectionst&en”on a fuselage
structureduring proof test could be used to,det~rminethe
maximum load which could be carried by the structure,

In all present methods of analysis of this problem,
it has been assumed that certain stiffnessfactors of the
longitudinal and frames are constantquanti~jesindepend-
ent of the load. Eowever, observationshave shown that if
the specimensare loaded by a bending?aouentand if, for
example,an additionalradial force is applied to a point
on the surfaceof the structure,then the resistanceof
the structureto radial deflectionis dependentupon the
applied bendingmoment. Preliminarytests indicatethat
the stiffnessof the structureon the compressionside may
drop to as little as half of its originalvalue as the
failing bending moment is approached,and that a definite
decrease in value is found even for very small applied
moments. This factor may explain some of the.discre’panties
betweenEoff~s predictedfailing stressesand th~se obtained
experimentally. This ~henome.nonis being carefullyinves-
tigatedat present, as-this factor *ill certainlybe impor-
tant in the developmentof a satisfactorytheoretical
solutionto the problem.

,
,-
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UNDERLYINGTHE FAILURE OF THIN SHELLS

As was pointed out--in the first report of this series
(reference1), the classicaltheory of thin shellsas given
in Lovefs llElasticity,l~gives a criticalbuckling stress
far above that.obtainedexperimentally. It was also sug-
gested in the first report that this failure of the cla6-
sical theory.dccur’itoljto predict bucklingstressesmight
be due.to the linearizationof the differentialequations
and tkat an attemut shouldbe made to generaltiethe theory
so that secon&order t=rms could be taken into account.
This has been done for the case of a thin sphericalshell–.-
under uniform extmnal pressure,and it is hopsd that the
method used can be extendedto the case of the thin cyli.n-
dr.icalshellunder axiai compression.

.

*T

—

The necessityfor the developmentof a nonlinear
theory of deflectioncan best be shown”bycoaslderinga
very thin sphericalshell as illustratedin figure 57. If
the she”llis sufficientlythin, the bending stiffness
(which1s proportionalto t3) can be neglectedand, under
this assumption,the strain energy of the shell is the
same in the deflectedposition (3) as it ‘wasin the unre-
flectedposition (1), figure 57. In other words, neglect-
ing the bending energy in the regionA-A, the shellwill
be in equilibriumin the reflectedposition (3) without the
aid of any externalpressureapplied to the shell surface.

On the other hand, t-heintermediatepositionsbetween
(1) and (3) do involvecompressionof the shell elements
and,.therefore,the shell can be in equilibriumin these
positionsonly with the aid of an externalpressure.
Ileformingthe shell betweenpositions (1) and (2) involves
compressionof the shell elementsand thus a positive
externalpressure is necessaryto maintain equilibrium.
When 6 .Lsgreater than 60 (betweenpositions (2) and
(3)),a negativeexternalpressure is necessaryto main~
tain equilibrium as the compressedelementsare trying to
force the shell to take up the equilib~iumposition (3).
The pressure-deflectioncurve (under the assumptionof no-
bending stiffness)is, therefore,of “theform shown in
figure 58a. .—.

.,
The effect of the bending stiffnessis to increase

the p’ositiveexternalpressurenecessaryto hold the shell
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in equilibrium. Thus, for increasingvalues of the bend-
ing stiffnessof t,heshell,the curve in figure 58a will
take the form of those shown in figure 58b. Any linear
theory which does not take into account the higher-order
terms of the deflectionwill give a linear relationship
between the pressure and the deflection. This linear
relationshipis a good approximationat the initial stage
of the deformation;but when the de’f?ormation‘becomesequal
to, or greater than, the sheet thickness,erroneousresults
are obtained. .—..—

The investigationof this type of problem has been
limited in extent (references2, 3, atid4) and has never ““
been, to the authors~knowledge,applied to the problem
of the buckling.of thin shells. The followingdiscussion
mill, therefore,considerthe prciblemof the buckling of

.—.

a thin sphericalshellunder uniform externalpressure
and Mill be based on the followingsimplifyingassumptions: .

1. The deflectionis rotationallysymmetric.

2. The deflectionof any element of the shell is
vertical.

3. The shell is very thin so that t/R is small.

4. The effect of lateral contractionis neglected.-
that is, Poissonlsratio is assumed equal to
zero.. .

5. The lxzcklingis restrictedto a small portion of
the shell and the edges of this region are
fixed- that 1s, the deflectionof the edg05
is zero and the slope remains a constantequal
to the initial slope.

Figure 59 indicatesthe elegent discussedand the
parameters involved.

As can be seen from this,figure, for a linear element
of the section of the shell’,

dr/cos a the originallength

d.r/cos0 the length afterdeflection

and the strain is, therefore,
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dr dr .. ...“ .-——
. Fnm -e— coe a = .~~ ..—-—

0
1

dr C.os--—- . .
cos a

.,
Heace, the strain energy dtieto the extensionof th,e .
elements,of the shell is:

a

[( )a.cos a ~——— - a~~_J!!:_zz- Cos Q . . .
‘o.;f(“)., g
Cos a-—— - 1 2mRsina Rda

.Ocos 9

(1)

The two curvaturesof the shell at the poin~ P
before bucklingare both equal to I/R. Af%er deflection,
the curvaturein the YZ plane is equal to:

But
dr

ds = R cos Kda-— =
Co$ 9 Cos 9

Hence,

The change in”curvaturein the YZ plane is then:

, ..

.

●T

——

.

Cos e
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The change in the secondprincipalcurvaturec~n be
shown to be:

.-

1l.~sin~ - 1,
RL sin a i

The total bemling energy is then:

$
Et3–J2TrR= [(

Cos esin a da ~ -———
0 ‘Cos “a

P
.; [3 t_\32-J sin a [(

COS 9 d9—— —-
2 IJ 12$0 l_cos a du

) 2)1de ~2+fsine_1—-
da ‘\sina J

2

)(

2
sin 91 + —-

)1
1 da (2)

sin a

The potential energy of the externalpressure is
equal to the pressure times the volume coveredunder the
shell. Thus, the potential energy is:-

a

p
[

2nrzdr=p [+1-P.7%V: “--”- :
0 0 0

f3. -,,,

[

2
= pll R= sin a tan 0 R cos a da

,$
= pR3 T“ r

2
sin a tan e cos a da (3)

‘o

The total energy V of the system iS the sum of the
strain energy and the potential energy of the external
pressure. Thus, from equations(l~t (2)3 and ‘3).: —.

P

( a
sin 9 )1 [.z.+ 1 sin a da + p sin a cos a tan-e da (4)--—— -
sin ct “.0
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At the “e”quilibriurnposition, the total energymust be
a minimum; therefore,the equationof equilibriumcan be

*.

obtainedby minimizingthe expression(4). If the calculus “
of variationsis used, the Euler-Lagrange equation1s: .r—

- Q@. (2.tan= a + 1) ~ +
()

sin 8 COS.0 tan u dfla - Cosae tan CL—- —-- -—
Cos a cos u m,, Cos a

-i- ,sina ctcosasec28p=0 (5)

with the boundaryconditions

9 0 aii a=O=
(5a)

8 = P ata= P“

Since experimentsshow that the bucklingarea extenda-
usually only, a few degreesi $ is assumed very small. In
this case equations(4) and (5) can be simplifiedto: .

(6)

(7)

—

.The differentialeq~ations(5) and (7) are nonlinear,
as expected,and it is”difficult,if not”impossible,to
solve them analytically. However, useful informationabout
the characterof the relationbetween 0 and a can be
obtainedby attemptinga solutionof the form:

-

1



NACA TechnicalNote No. 906 13.
.

. .

.

v.

.

which startsas Cla owing to the boundarycondition:

(8)

Substitutingequations(8)”and (7), and equatingcoeffi-
cients of equal pow’er8of a, it can be seen that all
even powers of a in equation (8) drop out. Therefore,.
6 must he of the form:

&
-

(9)

The analyticalm-ethodof so,lvingthe problgm can
hardly proceed any farther. TO solve the problem, it is
necessaryto use the Rsyleigh-Ri~zapproximatemethod -
that is, assume a plausible form of 0 with arbitrary
constantsbut satisfying the boundary conditions;substi-
tute this equationinto (6), and then determin~the
constantsby minimizing.the resultingexpression. From a
considerationof equation (9), the first annroximationwill
be:

e=~a[’+(i- l)(f)’l -;: ‘ ‘-.(10)

which satisfiesthe boundary conditions(5a). The constant
c is a measure of t-hedeflectionat the center. Substitut- -–
ing equation (10) into equation (6) and carryingout the -.
integration,yields:

w (u)~~=—[d - & +—-
R3 ‘m 4 6

.-

$ C(l - C)(C2 - l)+,~(3ca- 1)(1 - C)a

++ C(1 - c)’ + f-’;4C:],6+’Q:(C’+. ‘“—
(11)“-

. ,,.
To find the equilibriumcondition,equation,(11)is

differentiatedwith respect to C, and the resultant
expressionset to zero. This gives
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+: (6Ca --3C - 1) -..* (4Ca -’5C -I-1) + ~ (C - 1)21

.“

,.
._
.

.

—

This equationg~ves the value of p as a functionof
the region of buokling ~ and the amplitudeof the deflec- ““--
tion, which is proportionalto C. l?orthe buckling
problem of the sphere, @ is a free variable. It is then

\

evidentthat the shell must adjust itself so that p is
a minimum for eachvalue of C. In-other words, the expres-
sion for p with respectto ~ can be minimizedand

-.

solvedfor the size of the region which correspondsto the
minimum bucklingpressure. This gives:

(13)

If equation (13) is substitutedinto equation(12), the
followingrelation is,obtained:

where a is the average stress iP the shell due to P and

Equation (14) is ~lotted in figure 60, the maximum
.

and the minimumvalues of k being 0,4911 and 0.2378,
respectively.

.
,.. E

The maximumvalue of k is of less practical signif-
icancethan the mtnimum value because!as shown by ~Marguerre
in his investigation-of the collapseof curved bars under

8s

side load, the symmetricalcollapse is usually precipitated
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by an unsymmetricaltype of bucklin-g.Also, any imperfec-
tion in the shellwill “tend.to .caus>f“ailu.reto occur at
the minimum,rather $han t.he.max,imumvalue of p. There-
fore, it would be expectedthat, although carefully ......-_
machined specimenstested with all precautionsto avoid .—
eccentricitiesmight lead to higher’value”s,the specimens-
made and tested with accuraciescorresporidingto practical

.—

design would give experimentalvalues of k lying close
to the minimum value given by the theoreti-calanalysis.

In order to calculatethe uaximum deflection Sm at .

the center, the ordinate Z. at the center has to be first
computed(fig. 59). By means of the boundary“condition
that z =Oat.~= ~ the followingrelation is o~tained:

or
“!‘= dr . 020 ,+ .

dr

Z. !=R tan 9 cos a da
o

= R-f g da (15)
‘Jo

Substitutingequation (16) iato ~quation (15), and integrat-
ing, 20 can be expressedas:

Z(j =Rl+c@2—.— (16)
4

Before deformation,

Using equation (16), the deflection &m is calculatedas
.-.—.-.

&m = al-c-zo=R~—
‘“original 4

When this value is substitutedinto equation (13), the
followingexpressionf’or &*/t is obtained:
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hw=m (1 - c).— — -——--— —3’-

ti 6 [4C2 + 13C + 11)*
(1’?)

Using equations(~3)and (17’), “ can be plotted as a

(
;2fi;-
R)“

functionof. 6m/t.- This has teen done in figure 61, and
the curve indicatesthat at the buckl$ngpressure corre-

spondingto the minfmam-cr/E~~~,the center deflectioni.
k) “

.“

. .

,

-t

.

. .
of the order of,ten times the sheet thickness.

Very few experimentaldata are availableto check the
above theoreticalvalues;however,a number of investiga-
tor have statedthat the previouslyacceptedtheoretical
value of k = 0.605 obtainedb~ Zoelly, Schwerin,and Van
der Neut, and as quoted by Timoshenko(reference5), was
much too high. A test made at GALCIT on a thin copper
hemisphereindicatesthat the theoreticalvalues obtained
by this new treatmentof the problem agree surprisingly
well with the experimentalresults. The experimentalval-

V

ues were:
.

,E= 14.5 X 106 pounds per square irich - —

R= 18 inches;t = 0.020 inch; t/R = 1/900

u 6

Q
=0.154; ~% 12.5; P = 0.139 radian= fjo

;-t_
/

Cornparingt,hese values with those predictedtheoretically,
which are:

.

. .

P = 0.1330 xrm~ radians= 7.634~O~fi degrees= ‘?.2°

.! -,.

1
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b

i.

a very good agreementis found when due considerationis
given to the simplifyingassumptionsthat have been made
and to the fact that an approximateenergymethod of solu-
tion has been used. .r-

Recallingthe fact that the theoreticalvalue of k
at buckling is 0.605, the present calculationshows,at
least, that the method ofattack on the problem is co~rect.
Another indicationof the correctnessof the method lies
in the fact that the theoreticalwavelength of the buckles
correspondsclcselytc that found experimentally,which is ‘“-
not the case for the earlief“theoreticalsolutions. The
investigationwill be continued,and it is hoped that in , —
the near future, the treatmentcan be extendedto the case
of the thin cylindricalshellunder axial compression.
The results of some experimentalinvestigationson the com-
pressive failing stress at unstiffenedcircularcylinders
are given i.nappendixA. .“

APPENDIXA

EXPERIMENTALINVESTIGATIONSON COMPRESSIVEJIAILINGSTRESS

OF UIiSTIFFENEDCIRCULAR CYLINDl$RS “

In order to ciarify the problem of the thin circular
cylinderunder axial compression,a systematicseries of
experimentswere made on a numb”erof”steel cylinders. The
parameterswhich are involvedi,athis problem are:

..-
1. The radius-thicknessratio; R/t

●

2.,The length-radiusratio, L/R ,

3. The elasticpropertiesof the material . .-

4. The total axial load th’atcan be carried’by the
specimen

The specimenstested were all made from steel shim
stock’,which was formed into specimens12.75 inches in
diameter. The ends of the cy15.nderwere rigidly-clamped
into steel end plates, giving fixed end supportto the
axial fibers of the cylinder. The variablesused were
the thicknessof the materialand the length of the spec-
imen. .
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The test resultsare shown In figures62 to 67, and
the faired experirqentalcurvesare replottgdin figures
68 and 69. The curyes are plotted againstthe ratio—
‘act‘Gtheo

where

c!act actual failing stressottainedin the test

@theo theoreticalfailing stresswhich iB equal to
0.605 E (t/R)

As can be seen by figures 68 and 69, there‘isa con-
tinuousdecreasei-nthe experimentallyobtainedfailing
stress as the R/t ratio increases,this decreafjeoccur-
ring for all values of L/R. For all values of L/R
great-er than 1.0, it is seen that the failing stressre-
maifis’practicallyconstantwith increasing L/R for any
given value of R/t. Thus, for any cylinderwith an L/B
ratio greater“thanapproximately1.0, no length effect
would have to be consideredin an analysis,and a correc-
tion of any appreciablemagnitudewould not be necessary
until the L/R value fell below approximately0.75.

In order to facilitatethe theoreticalwork on this
problem, it was desired to determinethe exact shape of
the initialwaves which appeared-inthe teet cylfnders.
This has been done in a preliminarymarinerby restraining
the loadingmechanismduring buckling,and it has been
found that the initialwaves which occur are of an ellip-
tical form and are scatteredat random through the 6pec-
imen. This wave patterQ does not agree with the uniformly
distributed,sinusoidaltype of wave which has been pre-
viouslyassumed for the theoreticalsolution,and this
discrepancyi~ assumedwave pattern may account for the
large differencebetween the theoreticallypredictedand
the experimentallyobtainedbucklingloads.

Work is now in progress to obtaina more exactknowl-
edge regardingthis initialwave pattern and to obtaina
more exact picture of the sequenceof wave patterns during
buckling. A theoreticalsolution‘ofthe problem will then
be attemptedfollowinga procedure similarto that given
in t%e body of this report for the case of the spherical
shell, .,

,.

. I

*

..—

. .. ..

.
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8.
A PRELIMINARY

WIRE I%GTWORK
.

The addition of
e r k L wire hetwork,

DISCUSSIONON THE USE OF A
,.

TO PROVIDE SHEAR’ST1FI?N3JSS

.,

sheet cavering,,or any form of periph-
to a skeletoncylindermade.,up of

frames and longitudinal; will have two effects on the
bendingpropertiesof the cylin~er. FirEt, it will in-
crease the moment of inertiaof the section;”seconds it
may change.the mode of fqilure due to an increasein shear
stiffness. Fine wire bracing and extremelythin sheet
coveringwill have the same general type of action because
neither can take compressionand, therefore,only the per-
tion on the tensipp side need be”c“o-nsider_edin the c“alcula-

- tiom of the monientof inertiaof the section. Furthermore,
under shearingforces t,hesheet hill.huckleand carry the
shear st”re~s”es’“b~means .ofa diago’naltension field corre-
spondingto ‘theeffect of diagonalwiring. “

u
In order to.approximatethe case”ofa cYlinder~ove?.e!.

with a sheet of zero thickness~it was necdssaryto provide
. sufficientshear stiffnesswithout appreciablychanging

‘ the moment of inertia or the position of the neutral axis . ‘“
of t-hespecimen. In the present series of tests this was.
done by buildingup a rectangularnetwork of steel wires,
0.016 inch in diameter on t-neperiphery of the cylinder.
It was found that the primary effect of these wires was to
prevent a type of failure,which has been called Ltorsional
failure,. in which the Iongitudin&lstended to fail in a - .:
circumferentialrather than in a radial direction.

.
Experimentsshowed that if circumferentialfailing

was entirelyprevented the cylinderwould carry its maxi-
mum bendingmoment and that the addition of more wires
would not raise the allowablebendingmoment that.could be
supportedby the specimen. This is shown by specimens9,
10, 11, and 12 of table 1. These specimenswere identical
with the exceptionthat the amount of wire bracing was
changed. Specimen9 had no wire bracing and carried a
bendingmoment of.60,000 inch-pounds. l?ail-ureof the spec-
imen was definitelyof a torsionalnature~ the frames
tending to rotate about the tension longitudinal and show-
ing very little radial deflection.
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A wire ndtwork co~etitutihg~he d.>agonalsof reqtan-
glbs measuring5 inches in the*framedirectionand 8 Inches
in the longitudinal,directionwas.then added and this new
sp,eci”menwas tested,failure takingplace at 90,000 inch-
pounds of appJ.iedraomen’t~an ‘increase’of 50 peroent. The
wire bracingwas then doubled,giving a ne,tworkof diago-
nally braced rectangles2.5 inchesby 4 inches..This
~change increasedthe shear stiffnessof the sectionby a
factor of 2.,0;however,the”.sp~c”ime-tif-ailedat “anapplied
moment of. only 1C)2,000 i@ch-poun&s - an increaseof l.?per-
cerit. -he l’otigitudinalsin this last specimenshowedv’ery
little tendencyto fail j,IItjhecj,re~ferential direct~qn,
the deflection bei”~g almost entirely radial iII nature,

.,
I?urtherincreas~,in.shear,stif.fnessraised the fail-

.uro bending moment- to,J14,000 ixich-pbunds,beyond which no
increasecould be obtained,.The,specime,ucarrying.the
maximummoment showed hO tehd.bn~y for “tx&siona”lfailure.
From this series of ~pe,cimensfiand.from numerou”sother ob-
“servations,it was concludedthat if”sufflcientshear
stiffnesswas used so thht there was no circumferential
deflectionof the Ioqgituclinals,then the maximum allowable
bendingmoment fcirthe specimenwould be obtained, Further-
more, it,~~~ felt that the type of fai~urewould closely., correspondto that which would occur in a specimencovered

,. witih”aninfinitelythin sheet.

The wire bracingusedoti the specimen’shad a ‘negligi-
ble effect on the sectionpropertiesof the cylinder.
Consideringa representativecylinderafter convert-ingthe
steelwire to its equivalentduraluminareas it waa found
that the neutral axis shiftwas equtilto:

Y’ = 0007 inch “

in a diameterof’32.0 “inches,’and”that the moment of iner-. tia changedfrom , ..
,- . ,,

,-
10 = 160,95 inches4‘

,.
,.. .“without wires”to .,. ‘. ~,:.. ,

.

,.

.

—

.

.

-7
.

.._-
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.

with wires, a change of less than 1 percent.. Similar
resultswere obtainedwith the wire bracingused on the
other“specimenstest,ed.

GuggenheimAeronauticalLaboratory’,
CaliforniaInstituteof Technology,

Pasadena,Calif.,February 1939.

.
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imen

1
2

t

5

6
7

g

9
10

11

12

13

14

15
—
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!J!KSLE1.-PUI03BEKOIHGTESTS OF LOEG1’IHKMRAM.E WIMTIOITS WITXXE? S2131@T00VZRING

LIon@tudiwil

;paci.n#
in,)

2.53
2.53

2.53
2.53

2.53

2.53
2.53

Z-53

2.53
2.93

2.53

2.93

5.6

alo.12
1
10.I2

—
ilm-
LeL
40
40

40
40

40

40
40

40

E
40

40

20

10

10

—

I?rame

pacing

4
4

4
L1

16

32
32

164

2
2

2

2

2

2

2

JAW

Famig

moment

33,300
90,000

q ,000
60, m)

i.g,o(xl

Ua,oca
36,300

la,ooo

60,OW
90,000

.R 00Q

.Ik O(M

F5,0~

33,000

31,500

ExperimentalData - Set I
wi.tudinals S1; AH framee 1=I

Description &marks
of test

No wire bracinglLongitudinal failed in circumferentialdirestion.,-
Wirebracing -

—-—io--
.—

-—_&J-_--=

-do. . . . —--- -

-—- -clo---

LongitudinelsfAiled’in radialdirection;1/2 wave
cxmrpl.ete16n#h of specimen.

%eral instab$l.ity.ssme as specimen2.
Gzmeralinstabilf~; 1/2 wave completelength of
Speaimen. ?

Generalinstability;however,apeoimenlook6d like
comblnattonof smallwaves betweemfrnmes .@
one long half-wave.

Similarto specimen5. Generelinstability.
Specimensstartedto failIetweenframee;however,

ae. deflectionincreased,fr&me failed.
LOngltu&inalsfailed in one long half-vam9in
radialdirection.

Eo wire braoingLongitudbxilefailad in circumf”eren~ieldirec~ion.
Soslevire invm- Bottomlongitudinalfalld partly iilradialand

----do-—--

.-40---

-----ao.-—---

----ao—--

partly in circumferentialdirection.
Generalinstability;one long half-wave. Bottom
.Iongitiinaifailedlittle in circumferential
,direottion. .

Generalinstability;one long half-wave;”l’o&tu-
dinal.sfelled in radialdirection.

Generalinstability;length of buckle was:lew’
then lengkh of specimen;about 23 framea failed.

Ganerelinstability;1 to 1* coapletewaves h
lengthwisedirac$ion.

Generalinstability;l+ waves in lengthwisedirec-
tion.

~otel length of specimen,Cistancebetwean supports. ‘Singlelongitudinalat *5 stress.

‘ho longitudlnalsequal distapcefrom c

● ● ✜ ☛
✎ ✎

✎ ✎ “,.
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TABLE 11.- THE EFIYOT OF CELWGINGTHE I?RAMXSPACING

Homent of tiertiaof completespecimen, ISp = 161.0ti.4
E@ius to center of 6tiffeIler,R= 15.76in.
limber qf.stiffeners,M7

Ocr= .~*,= HX15.Q=(3.0979XH
+

.,
. .. . .’”

. .

ONTEEBENDINGSTRENG’JXOF TRX CKLTNDERS

Lengtlnof-specimen,64 in.

II Longitudinal Frames FailiIIg I&.x. 1

sp8c- momentS-- com-
Monent Spac- 1’ Area, Koment Spac-Number If

+104 W, (* ,, ::t:; i:g,frge~ ~=l:; ‘y~bj Jxs

‘w Type ‘rc’ $Yfin- i~,
-prtx- ~e of failure ~

g
(ill.’)ertiaa (in.=) ●

Ifx105 (in.) in 64 “ “-
B=

1#lo (in.) -fail-
(W4) (in.4]

H
in. me, a

u~p ;
v

12 S1 0.03243.74 2.53 1.47gF5 0.02911.537 2 31 7.690114,00011,160Generalinstability;
P

2 -do- .0324 3.7& 2.53 1.47g -do- .0291 1.537 4 15 3.645 90,000 g,slo Do. z
0

3 -do-.Q324 3.74 2.53 1.47g -do- .02911.537
e

4“ 15 3.@#j q ,000g,JjooDo. o

u -do- .032Q 3.74 2.53 l.qg --- .02911.537 g 7
a

1.923 60,goo5,950 Do. . 0
.

5 -do- .0J2U 3.74 2.531.47g-do- .02911.537 ‘ 16
~. .962 49,000 4,goo Nearly panel insta- :

bility. 0-l

6 -do- .0j2u 3.74 2.IjJ1.47g-do- .02911.537 32 -2 .W! 40,000 3,910 Yearly panel insta-
. bility.

7 -do- .032U 3.74 .2.53 1.47g -do- .0291 1.537 32 1“ .w 36,300 3,555 General instability

‘1

I



[Ewue spacing= 2.0 in.;
vs”fo-’o~iwtig’ ‘5-76+“]

pecimen

12

13

14

15

--i

Longitudinal Failing
moment

SpacingEumber (h-lb)

2.53 ~ l14,fxlo

5.06 20 65,000

10.121 10 33,~o

10.122 10 31,500

%ingle longitmiinalat maximum stress

l!omnt of
inertiaof
specimen,Iq

(in.!)

161.0

/30.M

50.19

kximm conipres sive
,.

stres B fa.ihxe

0

Type of failure
Ucr

exp

11,160 herd. instability

12,72s’
I

Do.

12,926‘
I

no.

9,W 30.

1

2Tw0longitudinsls at eqyal, distmce from spec@3n ~ (i,00, equal stress) ~
m

,. , . m .-
. . .1-

1
■ - i. I.

-.
,’. ,

,,

1.

I
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Spec.
imoll

12

2

4

5

6

. ,

T!A2mrT.- CORREWIOH B2WV!XM CAMUIWZD AND Ex?3EL~JT!iLVlLLZ9S

Data from l!qblo11

~ taken as 10,OOO,OW lb/sq InJ

.. —--
(i;. ) Iin 64 I (lb) ~lb/scj-in.:

I in. I I

-H-H-%-K:
16 3 145 4,485

32 2 36.2 1,0%3

,, ‘1
,sn-. . .

I ( I

72,3001 15.5 I 1,192 I 7.95

9,0301 7.72I 1,200I 3.94

1,130 3.841 1,21.4 I 1.95

17.751.935 l}2g3I .500

‘2Tw_=_F--

?

Max. Zxperi-

G =G e~er. mental
Cr A stress wave

1 wave) pattern

4,700[5,950\Do. 1“

1,278\3,9101no. I
4,4g0 3,555 Do. I

I I
-+--- 1,642 1/2 wave

I
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Figure 37.-Test3,,stiffenerd.eflection, 15 frames,frameF5,40 stiffenerS~.

-.

—

.

—

.—



,J
.
.
,* lt!&+’-+-A---&k-

I 4 I I i . ...’.... ,,, :.:.. ‘:. .i. .,i,i.1 I I .,. ; t { 1 . .
I II I Ii ,1.’1. !.!,.1, .;.1. :- R i‘:.::-:t:,..! I . . .,; :-., !’,’ :1:’ .:I

7Jiri.L2~.!i“ 1“i 1“:: i’ ! ! ~ !“-I .1



.’t
.

.L -

.
. .

.

~ACATechnicall?oteNo.@6

r, - * - ‘

.,-
. _;:~ : ‘i”>

Y= 332.6?
II

:7.—.

—
v=~ /8.90

k~
.-..— — -- I —

.
‘1 “

I, —
/1

I
i

v = 26.90

—,.

l?igure39.-Test4, stiffenerdeflection,7 fr-es,fr~e F5,Q-stiffenerS1.



.%.

.

.

.

NACA TechnicalNote No.906 - Fig. 40

.



‘.. .

.W

.

. .

,
.

.
A

.

s

NACA !Feclmioal Note ITo.906 rig. 41

.

.

Test5, stiffener
Q stiffeners.

deflection,3 frames, stiffmer



.
. .

.
.

.

.

.

.

.

MACATechnimlNoteHo.“We -” Fig.42

.

f



- l$ACL4TechnicalNoteHo.906 Fi.e.43”

i\ \
llt

!=333.00

%
I

-.
*
111

—

{= 351.0°
-

1 u

t

.-. / ~ - \

?

I I
\- ,4’-t-! / i I I

Y= 9.1° lx “ I I I IIFLI I I I

Y = 27.10

p=- 10I’+ [t 6411
I

Figure 43.- Test 6, stiffenerdeflection,2frames,frameF5,stiffenerS1.. 40stiffeners.



●

✎ ✎ ✎

. .

.
.

. .

.

.

●

✎

-L i +-. ...,.,... .-: ;:.:.. f 7,7

:+-% ! ““! .. ..-.
1 .,..- ,.. .

4..-,. .. .1. .
.-: .,. . ..., :, -:,: .. -.: ,., ., . . . 1’~:,-

,., . ... . . - ... .... ... . . t

p- -,

.. ,.!..”

! I h I( ~~~ “- “ ‘: ~; --=1’-’’-’~’~

-=+ ;.; ., ~;’ ! “,. ~:. : ,“” ““ ‘“ ‘

. . . . . . . . “:-L:- .:,{+; _.+.: .L:”~::.: .’!’”’
!.:!1 ::

!,. . ,.. ,.

,. .: ..1, ,. .:,: .-:”i
;: ; ,’ ;:,

.: ,,,

I .: 4. “: .,, .. 1..,. .1. -1. . .—, ,

,. r-+--f--++++- !’” .! ! t



. .
.—

.
,.

.

t

.
,

.

.

●

✎

N.ACLTechnicalNoteNo.906

I v=

—..-

—. .—

Y= 2’7.6°

I

-—. .

t

‘s= 332.80

It~“-lOi~-!
& ——. ——— 64!1 >

Figure45.- Test10,stiffenerdeflection,31 francs,fr-e l?5,stiffenerS1,
40 stiffeners.

1



.,

.

.
.-

.

.

.

NACATechnicalNoteNo.906 Fig.46

I-4-+KTZ4

I--Ti-V:m’m

●

.

~.+..+,+.++q .. .. . .

l--+-: “!.,:! .’ :.:”! “’::::.’!’:J%-H

.



.-

.

,.

.
.-

.
.

A

.

.

.

.

.
.

IUCATechnicalNoteNO.906

I

I?is.4’7
I

t
—

1A +7

R——-—t..-.—
LU-–-L+4l-i-—--i----bL
I ‘d i

I -+---t’---t- +“’&---——&— +LZ ~

~T--—+
I
t -’-L-/-----J-”~----~“--L-”--‘--“—..._—... ——-.-—.E--36—;=;~~;~;~[<+_:<:---.—-——-—

I

/4----1011+ I I

k I . .
:-------.-..-—-—.— @l

+
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